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Abstract
In this paper, we consider a normalized biholomorphic mapping f (x) defined on the unit ball in a
complex Banach space, where the origin 0 is a zero of order k + 1 of f (x) − x. The precise growth
and covering theorem for f (x) is obtained when f (x) is a starlike mapping or a starlike mapping of
order α. Especially, the precise growth and covering theorem for f (x) is also established when f (x)
is a quasi-convex mapping. Moreover, the precise distortion theorem for f (x) is given when f (x) is
a convex mapping. Our result includes many known results.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In the case of one complex variable, the following growth, distortion theorem is well-
known.
Theorem A [1]. If f is a normalized biholomorphic function on the unit disk D, then
|z|
(1 + |z|)2 
∣∣f (z)∣∣ |z|
(1 − |z|)2 ,
1 − |z|
(1 + |z|)3 
∣∣f ′(z)∣∣ 1 + |z|
(1 − |z|)3 .
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above theorem does not hold. Meanwhile, he suggested the study of starlike mappings,
convex mappings, and other important classes of mappings in several complex variables.
From 1988 there are many results with respect to the growth, covering, and distortion
theorems for some normalized biholomorphic mappings on the specific domains. Barnard,
FitzGerald, and Gong [3] established first the growth and covering theorems for normalized
biholomorphic starlike mappings from the unit ball Bn in Cn into Cn. After that, Zhang
and Dong [4] and Liu and Ren [5] obtained the extension on other domains such as the
unit balls in complex Banach spaces and bounded starlike circular domains in Cn, respec-
tively; Suffridge [6], Thomas [7], and Liu [8] nearly at the same time gave the growth and
covering theorems for normalized biholomorphic convex mappings in the unit ball in Cn
independently. Subsequently, Roper and Suffridge [9], Hamada and Kohr [10], Zhang and
Liu [11] obtained the growth and covering theorems for normalized biholomorphic convex
or quasi-convex mappings on the unit ball in complex Banach spaces; Kohr [12], Liu and
Lu [13], Hamada, Kohr, and Liczberski [14] studied the growth and covering theorems for
normalized biholomorphic starlike mappings of order α on the unit ball in Cn, the starlike
circular domains in Cn and the unit ball in complex Banach spaces, respectively. As for the
distortion theorem, the corresponding results for normalized biholomorphic convex map-
pings were established by Barnard, FitzGerald, and Gong [15], Gong [16], Gong and Liu
[17], Hamada and Kohr [18].
Recently, Honda [19] investigated the growth theorem for k-fold symmetric convex
mappings.
Throughout this paper, let X be a complex Banach space with norm ‖.‖, X∗ be the
dual space of X, B be the unit ball in X, and D be the unit disk in C. We use the
symbol N to represent the set of all positive integers. For each x ∈ X\{0} we define
T (x) = {Tx ∈ X∗: ‖Tx‖ = 1, Tx(x) = ‖x‖}. According to the Hahn–Banach theorem,
T (x) is nonempty. For any α( = 0) ∈ C, since (|α|/α)Tx ∈ T (αx) corresponding to each
Tx ∈ T (x), we always denote (|α|/α)Tx by Tαx . Let H(B) be the set of all holomorphic
mappings from B into X, H(D,D) be the set of all holomorphic mappings from D into D,
H(B,D) be the set of all holomorphic mappings from B into D, and H(D,B) be the set
of all holomorphic mappings from D into B . It is well known that if f ∈ H(B), then
f (y) =
∞∑
n=0
1
n!D
nf (x)
(
(y − x)n),
for all y in some neighborhood of x ∈ B , where Dnf (x) is the nth-Fréchet derivative of f
at x , and for n 1,
Dnf (x)
(
(y − x)n)= Dnf (x)(y − x, . . . , y − x︸ ︷︷ ︸
n
).
Moreover, Dnf (x) is a bounded symmetric n-linear mapping from
∏n
j=1 X into X.
A holomorphic mapping f :B → X is said to be biholomorphic if the inverse f −1
exists and is holomorphic on the open set f (B). A mapping f ∈ H(B) is said to be locally
biholomorphic if the Fréchet derivative Df (x) has a bounded inverse for each x ∈ B .
If f :B → X is a holomorphic mapping, we say that f is normalized if f (0) = 0 and
Df (0) = I , where I represents the identity operator from X into X.
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starlike domain with respect to the origin. Also, we say that a normalized biholomorphic
mapping f :B → X is convex if f (B) is a convex domain.
Definition 1 [11]. A normalized locally biholomorphic mapping f :B → X is said to be
quasi-convex if
Re
{
Tx
[(
Df (x)
)−1(
f (x)− f (ξx))]} 0, ∀x ∈ B, ξ ∈ D¯.
It is known that a quasi-convex mapping is a biholomorphic mapping.
Definition 2 [14]. Suppose 0 < α < 1. A normalized locally biholomorphic mapping
f :B → X is said to be starlike of order α if∣∣∣∣ 1‖x‖Tx
[(
Df (x)
)−1
f (x)
]− 1
2α
∣∣∣∣< 12α , ∀x ∈ B \ {0}.
It is known that a starlike mapping of order α is a biholomorphic mapping.
Let K(B) (respectively S∗(B)) denote the set of all normalized biholomorphic convex
(respectively starlike) mappings on B . Let Q(B) be the set of all normalized biholomorphic
quasi-convex mappings on B and S∗α(B) be the set of all normalized biholomorphic starlike
mappings of order α on B .
From [11], it is not difficult to obtain the inequality∣∣∣∣ 1‖x‖Tx
[(
Df (x)
)−1
f (x)
]− 1
∣∣∣∣< 1, ∀x ∈ B \ {0}, f ∈ Q(B).
Hence, according to [11,13] and the preceding definitions, we easily establish the following
relations:
K(B)  Q(B) ⊂ S∗1/2(B)  S∗(B), S∗β(B)  S∗α(B)  S∗(B),
0 < α < β < 1. (1)
Definition 3. For any x ∈ B , ξ ∈ X,
FBC (x, ξ) = sup
{∣∣Df (x)ξ ∣∣: f ∈ H(B,D), f (x) = 0}
is said to be the infinitesimal form of Carathéodory metric of B and
FBK (x, ξ) = inf
{ ‖ξ‖
‖ df
dz
(0)‖ : f ∈ H(D,B), α > 0 such that f (0) = x,
df
dz
(0) = αξ
}
is said to be the infinitesimal form of Kobayashi metric of B .
Definition 4 [3,19]. Let f ∈ H(B). We say that f is k-fold symmetric if exp(−(2πi/k))×
f (e(2πi)/kx) = f (x) for all x ∈ B , where k ∈ N and i = √−1.
Definition 5 [20]. Suppose Ω is a domain (connected open set) in X which contains 0, f ∈
H(B). We say that x = 0 is the zero of order k of f (x) if f (0) = 0, . . . ,Dk−1f (0) = 0,
but Dkf (0) = 0, where k ∈ N. The definition is the same as in the case X = C.
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f (x)− x if f is k-fold symmetric. However, the converse result does not hold.
The aim of this paper is to prove the precise growth and covering theorems for starlike
mappings and starlike mappings of order α on the unit ball in complex Banach spaces.
Especially, as a corollary, we also prove the precise growth and covering theorems for
quasi-convex mappings. Moreover, the precise distortion theorem for convex mappings is
given. Our main results are the following theorems and corollaries.
Theorem 1. If f ∈ S∗(B), and x = 0 is the zero of order k + 1 (k ∈ N) of f (x) − x , then
‖x‖
(1 + ‖x‖k)2/k 
∥∥f (x)∥∥ ‖x‖
(1 − ‖x‖k)2/k , x ∈ B, f (B) ⊃
1
22/k
B.
When k = 1, Theorem 1 is the corresponding result of [4].
Theorem 2. If f ∈ S∗α(B) (0 < α < 1), and x = 0 is the zero of order k + 1 (k ∈ N) of
f (x)− x , then
‖x‖
(1 + ‖x‖k)(2(1−α))/k 
∥∥f (x)∥∥ ‖x‖
(1 − ‖x‖k)(2(1−α))/k , x ∈ B,
f (B) ⊃ 1
2(2(1−α))/k
B.
When k = 1, we obtain the similar result of [14].
From (1) and Theorem 2, we obtain the following corollary immediately.
Corollary 1. If f ∈ Q(B), and x = 0 is the zero of order k + 1 (k ∈ N) of f (x) − x , then
‖x‖
(1 + ‖x‖k)1/k 
∥∥f (x)∥∥ ‖x‖
(1 − ‖x‖k)1/k , x ∈ B, f (B) ⊃
1
21/k
B.
Corollary 1 generalizes the corresponding result of [19]. Furthermore, when k = 1,
Corollary 1 is the same result of [11].
Theorem 3. If f ∈ K(B), and x = 0 is the zero of order k + 1 (k ∈ N) of f (x)− x , then
(
1 − 2
1/k‖x‖
(1 + ‖x‖k)1/k
) ‖ξ‖
1 + ‖x‖ 
(
1 − 2
1/k‖x‖
(1 + ‖x‖k)1/k
)
FBK (x, ξ)
∥∥Df (x)ξ∥∥

(
1 + 2
1/k‖x‖
(1 − ‖x‖k)1/k
)
FBC (x, ξ)

(
1 + 2
1/k‖x‖
(1 − ‖x‖k)1/k
) ‖ξ‖
1 − ‖x‖ , x ∈ B, ξ ∈ X.
When k = 1, Theorem 3 is the corresponding result of [18]. By Theorem 3 and
Lemma 11, the following corollary is easy to prove.
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1 − 2
1/k‖x‖
(1 + ‖x‖k)1/k
) ‖x‖
1 − ‖x‖2 
∥∥Df (x)x∥∥
(
1 + 2
1/k‖x‖
(1 − ‖x‖k)1/k
) ‖x‖
1 − ‖x‖2 ,
x ∈ B.
When k = 1, and B = Ω is a bounded convex circular domain in Cn, Theorem 3 and
Corollary 2 are the corresponding results of [17].
2. Some lemmas
In order to prove the desired theorems, we first give some lemmas.
Lemma 1 [21]. Suppose f is a normalized locally biholomorphic mapping on B . Then
f ∈ S∗(B) if and only if
Re
{
Tx
[(
Df (x)
)−1(
f (x)
)]}
 0, ∀x ∈ B.
The following lemma is easy to be established.
Lemma 2. If f ∈ H(D,D), and z = 0 is the zero of order k (k ∈ N) of f (z), then∣∣f (z)∣∣ |z|k, z ∈ D.
By Lemma 2, we can prove the following.
Lemma 3. Suppose f ∈ H(D), Ref (z)  0, f (0) = 1, and z = 0 is the zero of order k
(k ∈ N) of f (z) − 1. Then
1 − |z|k
1 + |z|k  Ref (z)
∣∣f (z)∣∣ 1 + |z|k
1 − |z|k , z ∈ D.
Proof. Since Ref (z) is a harmonic function on D, by the minimum principle for harmonic
functions and the hypothesis of Lemma 3, we have Ref (z) > 0, z ∈ D. Define g(z) =
(f (z) − 1)/(f (z) + 1), z ∈ D. Then g ∈ H(D,D), and z = 0 is the zero of order k of g(z).
In view of Lemma 2,
∣∣g(z)∣∣=
∣∣∣∣f (z) − 1f (z) + 1
∣∣∣∣ |z|k.
Therefore,
|f (z)| − 1
|f (z)| + 1  |z|
k,
thus
∣∣f (z)∣∣ 1 + |z|k
k
. (2)1 − |z|
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Ref (z) = 1 − |g(z)|
2
|1 − g(z)|2 
1 − |g(z)|
1 + |g(z)| .
Noticing that (1 − x)/(1 + x) is decreasing on [0,1], we obtain
Ref (z) 1 − |z|
k
1 + |z|k . (3)
Combining (2) and (3), it follows the result. 
Lemma 4. If f ∈ S∗(B), and x = 0 is the zero of order k + 1 (k ∈ N) of f (x) − x , then
‖x‖1 − ‖x‖
k
1 + ‖x‖k  ReTx
[(
Df (x)
)−1
f (x)
]
 ‖x‖1 + ‖x‖
k
1 − ‖x‖k , x ∈ B.
Proof. Fix x ∈ B \ {0} and denote x0 = x/‖x‖. Define
gx(ξ) = Tx0[(Df (ξx0))
−1f (ξx0)]
ξ
, ξ ∈ D.
Then gx(ξ) ∈ H(D), and gx(0) = 1. Since f ∈ S∗(B), from Lemma 1, we know that
Regx(ξ) is a nonnegative harmonic function. By the minimum principle for harmonic
functions, we have Regx(ξ) > 0, ξ ∈ D. Obviously, ξ = 0 is the zero of order k of
gx(ξ) − 1. By Lemma 3, we obtain
1 − |ξ |k
1 + |ξ |k  Regx(ξ)
1 + |ξ |k
1 − |ξ |k ,
that is
|ξ |1 − |ξ |
k
1 + |ξ |k  ReTξx0
[(
Df (ξx0)
)−1
f (ξx0)
]
 |ξ |1 + |ξ |
k
1 − |ξ |k .
Taking ξ = ‖x‖, it follows the result. This completes the proof. 
Lemma 5. If f ∈ S∗α(B) (0 < α < 1), and x = 0 is the zero of order k + 1 (k ∈ N) of
f (x)− x , then
‖x‖(1 − ‖x‖k)
1 + (1 − 2α)‖x‖k  ReTx
[(
Df (x)
)−1
f (x)
]
 ‖x‖(1 + ‖x‖
k)
1 − (1 − 2α)‖x‖k , x ∈ B.
Proof. Fix x ∈ B \ {0} and denote x0 = x/‖x‖. Define
gx(ξ) = Tx0[(Df (ξx0))
−1f (ξx0)]
ξ
, ξ ∈ D.
Then gx(ξ) ∈ H(D), and gx(0) = 1. By Definition 2, we have∣∣∣∣gx(ξ) − 1
∣∣∣∣< 1 , ξ ∈ D.2α 2α
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hx(ξ) = 2αgx(ξ) − 1 − (2α − 1)1 − (2α − 1)(2αgx(ξ) − 1) , ξ ∈ D.
Since |2αgx(ξ) − 1| < 1, hx(ξ) ∈ H(D,D), and ξ = 0 is the zero of order k of hx(ξ).
According to Lemma 2, we obtain∣∣∣∣ (2αgx(ξ) − 1)− (2α − 1)1 − (2α − 1)(2αgx(ξ) − 1)
∣∣∣∣ |ξ |k.
Hence
(Regx(ξ) − 1)2 + (Imgx(ξ))2
((1 − 2α)Regx(ξ) + 1)2 + ((1 − 2α) Imgx(ξ))2  |ξ |
2k. (4)
Noticing that (2α − 1)2|ξ |2k < 1, from (4) we obtain(
Regx(ξ) − 1
)2  ((1 − 2α)Regx(ξ) + 1)2|ξ |2k.
Straightforward calculation yields
[
1 − (1 − 2α)2|ξ |2k](Regx(ξ))2 − 2[1 + (1 − 2α)|ξ |2k]Regx(ξ) + 1 − |ξ |2k  0.
(5)
By the inequality (5), we have
1 − |ξ |k
1 + (1 − 2α)|ξ |k Regx(ξ)
1 + |ξ |k
1 − (1 − 2α)|ξ |k ,
that is
|ξ | 1 − |ξ |
k
1 + (1 − 2α)|ξ |k ReTξx0
[(
Df (ξx0)
)−1
f (ξx0)
]
 |ξ | 1 + |ξ |
k
1 − (1 − 2α)|ξ |k ,
ξ ∈ D.
Taking ξ = ‖x‖, it follows the result. 
Lemma 6. Suppose f ∈ S∗(B), x ∈ B \ {0}, x(t) = f −1(tf (x)) (0 t  1). Then
(a) ‖x(t)‖ is strictly increasing on [0,1] with respect to t;
(b) ‖f (x)‖ = limt→0(‖x(t)‖/t), dx(t)/dt = (1/t)[Df (x(t))]−1f (x(t)), t ∈ (0,1);
(c) if f ∈ S∗(B), and x = 0 is the zero of order k + 1 of f (x)− x , then
‖x(t)‖(1 − ‖x(t)‖k)
t (1 + ‖x(t)‖k)  ReTx(t)
[
dx(t)
dt
]
 ‖x(t)‖(1 + ‖x(t)‖
k)
t (1 − ‖x(t)‖k) ;
(d) if f ∈ S∗α(B) (0 < α < 1), and x = 0 is the zero of order k + 1 of f (x) − x , then
‖x(t)‖(1 − ‖x(t)‖k)
t (1 + (1 − 2α)‖x(t)‖k)  ReTx(t)
[
dx(t)
dt
]
 ‖x(t)‖(1 + ‖x(t)‖
k)
t (1 − (1 − 2α)‖x(t)‖k) .
T. Liu, X. Liu / J. Math. Anal. Appl. 295 (2004) 404–417 411Proof. For the proofs of (a) and (b), see [11]. By Lemmas 4, 5 and (b), we obtain (c)
and (d). 
Lemma 7 [22]. Suppose x(t) : [0,1] → X is differentiable at the point s which belongs to
[0,1], and ‖x(t)‖ is differentiable at the point s with respect to t . Then
Re
[
Tx(s)
(
dx(s)
dt
)]
= d(‖x(t)‖)
dt
∣∣∣∣
t=s
.
Lemma 8 [23]. If ϕ ∈ H(B,B), then
FBC
(
ϕ(x),Dϕ(x)ξ
)
 FBC (x, ξ), FBK
(
ϕ(x),Dϕ(x)ξ
)
 FBK (x, ξ),
x ∈ B, ξ ∈ X.
Lemma 9 [23]. FBC (0, ξ) = FBK (0, ξ) = ‖ξ‖, ξ ∈ X.
Lemma 10 [23]. FBC (x, ξ) FBK (x, ξ), x ∈ B , ξ ∈ X.
Lemma 11. FBC (x, x) = FBK (x, x) = ‖x‖/(1 − ‖x‖2), x ∈ B.
Proof. In view of Lemma 10, we need only to prove
FBC (x, x)
‖x‖
1 − ‖x‖2 and F
B
K (x, x)
‖x‖
1 − ‖x‖2 .
First, let
h(y) = ‖x‖ − Tx(y)
1 − ‖x‖Tx(y) , y ∈ B.
Then
h ∈ H(B,D), h(x) = 0, Dh(x)x = −‖x‖(1 − ‖x‖
2)
(1 − ‖x‖2)2 = −
‖x‖
1 − ‖x‖2 .
So
FBC (x, x)
∣∣Dh(x)x∣∣= ‖x‖
1 − ‖x‖2 .
Next, let
g(z) = ‖x‖ + z
1 + ‖x‖z
x
‖x‖ , z ∈ D.
Then
g ∈ H(D,B), g(0) = x, dg
dz
(0) = 1 − ‖x‖
2
‖x‖ x.
Thus
FBK (x, x)
‖x‖
‖(dg/dz)(0)‖ =
‖x‖
1 − ‖x‖2 .
It follows the result. 
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Proof. By Lemma 10, we need only to prove
FBC (x, ξ)
‖ξ‖
1 + ‖x‖ and F
B
K (x, ξ)
‖ξ‖
1 − ‖x‖ .
First, define
h(y) = Tξ (y − x)
1 + ‖x‖ , y ∈ B.
Then ∣∣h(y)∣∣ ‖y − x‖
1 + ‖x‖ <
1 + ‖x‖
1 + ‖x‖ = 1.
Thus h ∈ H(B,D), h(x) = 0, Dh(x)ξ = ‖ξ‖/(1 + ‖x‖). Hence FBC (x, ξ)  ‖ξ‖/
(1 + ‖x‖).
Next, define
g(z) = x + z(1 − ‖x‖) ξ‖ξ‖ , z ∈ D.
Then ‖g(z)‖  ‖x‖ + |z|(1 − ‖x‖) < 1. So g ∈ H(D,B), g(0) = x , (dg/dz)(0) =
(1 − ‖x‖)(ξ/‖ξ‖). Hence FBK (x, ξ) ‖ξ‖/(1 − ‖x‖).
This completes the proof. 
3. The proofs of the theorems
Proof of Theorem 1. Fix x ∈ B \ {0}. Let x(t) = f−1(tf (x)) (0 t  1). According to
Lemma 6(a), it is clear that ‖x(t)‖ is strictly increasing on [0,1]. Hence, ‖x(t)‖ is differ-
entiable on [0,1] a.e. From Lemmas 6(c) and 7, we know that
‖x(t)‖(1 − ‖x(t)‖k)
1 + ‖x(t)‖k  t
d(‖x(t)‖)
dt
 ‖x(t)‖(1 + ‖x(t)‖
k)
1 − ‖x(t)‖k ,
for almost all t ∈ (0,1],
that is
1 − ‖x(t)‖k
‖x(t)‖(1 + ‖x(t)‖k)d
(∥∥x(t)∥∥) dt
t
 1 + ‖x(t)‖
k
‖x(t)‖(1 − ‖x(t)‖k)d
(∥∥x(t)∥∥).
Therefore
d log
‖x(t)‖
(1 + ‖x(t)‖k)2/k  d log t  d log
‖x(t)‖
(1 − ‖x(t)‖k)2/k .
Since
log
‖x(t)‖
k 2/k and log
‖x(t)‖
k 2/k(1 + ‖x(t)‖ ) (1 − ‖x(t)‖ )
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1∫
ε
d log
‖x(t)‖
(1 + ‖x(t)‖k)2/k 
1∫
ε
d log t 
1∫
ε
d log
‖x(t)‖
(1 − ‖x(t)‖k)2/k (0 < ε < 1).
So
log
‖x‖
(1 + ‖x‖k)2/k +
2
k
log
(
1 + ∥∥x(ε)∥∥k)
 log ‖x(ε)‖
ε
 log ‖x‖
(1 − ‖x‖k)2/k +
2
k
log
(
1 − ∥∥x(ε)∥∥k).
Let ε → 0+. In view of Lemma 6(b), we have
‖x‖
(1 + ‖x‖k)2/k 
∥∥f (x)∥∥ ‖x‖
(1 − ‖x‖k)2/k , x ∈ B.
This completes the proof. 
Proof of Theorem 2. Fix x ∈ B \ {0}. Let x(t) = f−1(tf (x)) (0 t  1). According to
(1) and Lemma 6(a), it is obvious that ‖x(t)‖ is strictly increasing on [0,1]. Hence, ‖x(t)‖
is differentiable on [0,1] a.e. From Lemmas 6(d) and 7, we obtain
‖x(t)‖(1 − ‖x(t)‖k)
1 + (1 − 2α)‖x(t)‖k  t
d(‖x(t)‖)
dt
 ‖x(t)‖(1 + ‖x(t)‖
k)
1 − (1 − 2α)‖x(t)‖k ,
for almost all t ∈ (0,1],
that is
1 − (1 − 2α)‖x(t)‖k
‖x(t)‖(1 + ‖x(t)‖k) d
(∥∥x(t)∥∥) dt
t
 1 + (1 − 2α)‖x(t)‖
k
‖x(t)‖(1 − ‖x(t)‖k) d
(∥∥x(t)∥∥). (6)
Hence
d log
‖x(t)‖
(1 + ‖x(t)‖k)(2(1−α))/k  d log t  d log
‖x(t)‖
(1 − ‖x(t)‖k)(2(1−α))/k .
Since
log
‖x(t)‖
(1 + ‖x(t)‖k)(2(1−α))/k and log
‖x(t)‖
(1 − ‖x(t)‖k)(2(1−α))/k
are strictly increasing on [0,1], we obtain
1∫
ε
d log
‖x(t)‖
(1 + ‖x(t)‖k)(2(1−α))/k 
1∫
ε
d log t 
1∫
ε
d log
‖x(t)‖
(1 − ‖x(t)‖k)(2(1−α))/k
(0 < ε < 1).
So
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‖x(ε)‖
ε
 log ‖x‖
(1 + ‖x‖k)(2(1−α))/k +
2(1 − α)
k
log
(
1 + ∥∥x(ε)∥∥k),
log
‖x(ε)‖
ε
 log ‖x‖
(1 − ‖x‖k)(2(1−α))/k +
2(1 − α)
k
log
(
1 − ∥∥x(ε)∥∥k).
Let ε → 0+. According to Lemma 6(b), we have
‖x‖
(1 + ‖x‖k)(2(1−α))/k 
∥∥f (x)∥∥ ‖x‖
(1 − ‖x‖k)(2(1−α))/k , x ∈ B.
This completes the proof. 
Remark. Let α = 1/2. From (1) and (6), we can deduce the following.
If f ∈ K(B), and x = 0 is the zero of order k + 1 (k ∈ N) of f (x)− x , then
‖x‖
(1 + ‖x‖k)1/k 
‖x(t)‖
t (1 + ‖x(t)‖k)1/k 
‖x(t)‖
t (1 − ‖x(t)‖k)1/k 
‖x‖
(1 − ‖x‖k)1/k ,
t ∈ (0,1], (7)
where x(t) = f−1(tf (x)) (0 < t  1).
Proof of Theorem 3. Without loss of generality, we may suppose that f is biholomorphic
on a neighborhood of B¯ , otherwise, considering (f (rx))/r (0 < r < 1), let r → 1− again.
On one hand, fix x ∈ B \ {0}. Take x∗ ∈ ∂B such that 0 is on the straight line segment
[f (x), f (x∗)]. So there exists λ ∈ (0,1) which satisfies λf (x)+ (1−λ)f (x∗) = 0. Hence,
from (1) and Corollary 1, we have
λ
‖x‖
(1 − ‖x‖k)1/k  λ
∥∥f (x)∥∥= (1 − λ)∥∥f (x∗)∥∥ (1 − λ) ‖x∗‖
(1 + ‖x∗‖k)1/k
= 1
21/k
(1 − λ).
The above inequality implies that
1
λ
 1 + 2
1/k‖x‖
(1 − ‖x‖k)1/k .
Let h(y) = f −1[λf (y) + (1 − λ)f (x∗)], y ∈ B . Then h ∈ H(B,B), and h(x) = 0.
Therefore, according to Lemmas 8 and 9, we prove that FBC (0,Dh(x)ξ) = ‖Dh(x)ξ‖ 
FBC (x, ξ) is valid. Since Dh(x) = λDf (x), we obtain
∥∥Df (x)ξ∥∥ 1
λ
FBC (x, ξ)
(
1 + 2
1/k‖x‖
(1 − ‖x‖k)1/k
)
FBC (x, ξ), x ∈ B, ξ ∈ X. (8)
On the other hand, take x˜ ∈ ∂B such that f (x) is on the straight line segment [0, f (x˜)].
Then there exists t ∈ (0,1) such that f (x) = tf (x˜), x = f −1(tf (x˜))) = x˜(t). Hence, ac-
cording to (7), we obtain
1
1/k =
‖x˜‖
k 1/k 
‖x˜(t)‖
k 1/k =
‖x‖
k 1/k .2 (1 + ‖x˜‖ ) t (1 + ‖x˜(t)‖ ) t (1 + ‖x‖ )
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1 − t  1 − 2
1/k‖x‖
(1 + ‖x‖k)1/k .
Let g(y) = f−1[(1 − t)f (y) + tf (x˜)], y ∈ B . Then g ∈ H(B,B), and g(0) = x ,
Dg(0) = (1 − t)(Df (x))−1, Dg(0)(Df (x)ξ) = (1 − t)ξ . Therefore, by Lemmas 8 and 9,
FBK (x,Dg(0)(Df (x)ξ)) FBK (0,Df (x)ξ) = ‖Df (x)ξ‖ holds. So
∥∥Df (x)ξ∥∥ FBK (x, (1 − t)ξ)
(
1 − 2
1/k‖x‖
(1 + ‖x‖k)1/k
)
FBK (x, ξ),
x ∈ B, ξ ∈ X. (9)
From Lemma 12, combining (8) and (9), it follows the result. 
4. Some comments about sharpness
If u ∈ ∂B , then the mapping
f (x) = x
(1 − (Tu(x))k)(2(1−α))/k ∈ S
∗
α(B) (0 < α < 1).
In fact, it is obvious that f (x) is a normalized holomorphic mapping and x = 0 is the
zero of order k + 1 (k ∈ N) of f (x)− x . Straightforward calculation shows that
Df (x) = (1 − (Tu(x))
k)I + 2(1 − α)(Tu(x))k−1xTu(.)
(1 − (Tu(x))k)(2(1−α))/k+1 ,(
Df (x)
)−1 = (1 − (Tu(x))k)(2(1−α))/k
(
I − 2(1 − α)(Tu(x))
k−1xTu(.)
1 + (1 − 2α)(Tu(x))k
)
,
where xTu(.) is a bounded linear operator from X into X. So f (x) is a locally biholomor-
phic mapping. According to Definition 2, we need only to prove∣∣∣∣ 1‖x‖Tx
((
Df (x)
)−1
f (x)
)− 1
2α
∣∣∣∣< 12α , x ∈ B \ {0}.
Now,
Tx
((
Df (x)
)−1
f (x)
)= (1 − (Tu(x))k))‖x‖
1 + (1 − 2α)(Tu(x))k ,
Re
( ‖x‖
Tx((Df (x))−1f (x))
− α
)
= (1 − α)Re 1 + (Tu(x))
k
1 − (Tu(x))k > 0, x ∈ B \ {0}.
That is∣∣∣∣ 1‖x‖Tx
((
Df (x)
)−1
f (x)
)− 1
2α
∣∣∣∣< 12α , x ∈ B \ {0}.
By Definition 2, we deduce that f (x) ∈ S∗α(B) (0 < α < 1).
Similar arguments show that
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(1 − (Tu(x))k)2/k ∈ S
∗(B),
and x = 0 is the zero of order k+1 (k ∈ N) of f (x)−x . Taking x = ru or −ru (0 r < 1),
u ∈ ∂B , we deduce that the estimations of Theorems 1 and 2 are sharp.
If u ∈ ∂B , then the mapping
f (x) = x
1 − Tu(x) ∈ Q(B).
In fact, it is clear that f (x) is a normalized holomorphic mapping. Straightforward
calculation shows that
Df (x) = (1 − Tu(x))I + xTu(.)
(1 − Tu(x))2 ,
(
Df (x)
)−1 = (1 − Tu(x))(I − xTu(.)),
where xTu(.) is a bounded linear operator from X into X. So f (x) is a locally biholomor-
phic mapping. According to Definition 1, we need only to prove
ReTx
((
Df (x)
)−1(
f (x) − f (ξx))) 0, ξ ∈ D¯, x ∈ B.
Now,
ReTx
((
Df (x)
)−1(
f (x) − f (ξx)))= Re (1 − ξ)(1 − Tu(x))
1 − ξTu(x) ‖x‖, ξ ∈ D¯.
Since
gx(ξ) = (1 − ξ)(1 − Tu(x))1 − ξTu(x) ‖x‖ ∈ H(D¯),
we obtain that Regx(ξ) is harmonic on D¯.
On the other hand,
Regx
(
eiθ
)= (1 − cos θ)(1 − |Tu(x)|2)|1 − eiθTu(x)|2 ‖x‖ 0, x ∈ B.
By the minimum principle for harmonic functions, we have
ReTx
((
Df (x)
)−1(
f (x) − f (ξx))) 0, ξ ∈ D¯, x ∈ B.
By Definition 1, we have f (x) ∈ Q(B). Taking x = ru or −ru (0  r < 1), u ∈ ∂B , we
deduce that the estimations of Corollary 1 are sharp for k = 1.
Let X be a complex Hilbert space with the inner product 〈., .〉. By [24], if u ∈ ∂B , then
the mapping
f (x) = x
1 − 〈x,u〉 ∈ K(B).
Straightforward calculation shows that
Df (x)x = x
(1 − 〈x,u〉)2 .
Taking x = ru or −ru (0 r < 1), u ∈ ∂B , we deduce that the estimations of Theorem 3
and Corollary 2 are sharp for k = 1.
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